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Introduction
The prediction of stress-strain state in porous elastic body 

gives us the common state of medium only. For solving a problem 
about fluid flow and prediction of well production, it is necessary to 
calculate both stress-strain state in the skeleton and the pressure in 
the liquid. In this case, the gradient of pressure between formation 
fluids far from well and a pressure in the mud of well is a volume 
force, which tends fluid from productive layer into well, or, may be, 
in the opposite direction. Confronts of it the force of the viscous 
friction, which is proportional to specific surface and it concentrates 
into surface, which bounds skeleton and fluid. The equality of these 
forces provides a constant fluid flow velocity. To predict fluid flow 
velocity, it is necessary to have some data about structure of pore 
space, mainly specific surface and porosity. The structure of pore 
space describes by integral geometry characteristics. This discipline 
handles with collective characteristics (not individual ones) of 
complicate media. For isotropic bodies such parameters are four, 
not porosity only. There is a relation between specific surface of 
pores or cracks and the average size of microstructure , namely [1]

( ) ( )4 1 fIσ = −


                                                                     (1)

where f- is a porosity. A specific surface causes automatically 
the average size between one pore (crack) to another one, namely  
. In the fluid, there is analogous size I f



. In papers [2,3] there is 
specific surface too. However, authors supposed that pore space 
represents as a set of elementary tubes, and this case is very special 
one. The thin tubes have great difference between Gaussian and 
average curvatures. The grain collectors have mentioned curvatures 
the same. The formulas in papers [2,3] authors contain empirical 
parameters with not clear physical and geometrical sense. Bio  

 
theory ignores structure of pore space (except porosity itself). He 
put into operation the permeability, which not related with pore 
space characteristics. It seems, the permeability should connect 
with porosity and specific surface. Last time created the computer 
technologies for calculation all four integral-geometric parameters, 
using Rontgen pictures all plane sections of samples [4-6]. These 
technologies give us the information about minimal sizes of 
samples, which are representative for heterogeneous media.

 The target of a paper is to add Stokes equations to volume 
forces, due to viscous friction, and to get some elementary 
solutions of these new equations. The friction forces is surface 
ones. However, Stokes equations contain the volume forces. The 
main author assumption is that the volume forces are product of 
surface forces (frictions) into specific surface of sample. It gives 
the true dimension of volume forces and may be reasonable. For 
example, clays have a large porosity (up to 0.8), however the very 
large specific surface (five orders more than in sands) blocks any 
filtration processes.

The estimation of dissipative forces for grain skeletsss-
sons

The surface force of viscous resistance is 0

f n
τσ µη ∂

∂
 , where  is a 

tangent component of fluid velocity, and  is a normal to the boundary 
skeleton-fluid. The volume force of viscous resistance is 0

f n
τσ µη ∂

∂


Try 
to estimate the value of the normal derivative ( ) 0sτµ = . Expanding in 
the Taylor series the fluid velocity, we can write ;zz

zzg gz
z
σ ρ σ ρ∂

= =
∂

 
here a point  means the center of gravity of elementary pore size. 
Taking into account that ( ) 0sτµ =

 (due to viscous adherence), it is 
evident that 

2

2 ( )s
n

τ
τ

µ
µ

∂
= ∆

∂


  because the plane Laplace operator equal to 
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In the paper established clear formulas, which relate permeability with porosity and specific surface of pore and cracks. Shown that Darcy Law is 
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zero with the same reason. On the other hand, the Laplace operator 
is proportional to the pressure gradient i.e 1 ( )

s

p s
n τµη
∂  = ∆ ∂ 



. For 
plane of the infinite sizes (practically for very small crack opening 
compare to average length of a crack), a pressure with constant 
gradient has not a vertical gradient

i.e 
1 ( )

s

p s
n τµη
∂  = ∆ ∂ 

  =0

The same estimation there is on the more complicate surface, 
if the radius of curvature of it much more, than thickness of film of 
fluid, which provides a friction. Neglecting a small value of the third 
order, we can write 

0

( )M
n fI
τ τµ µ∂
=

∂
   , and the volume friction force takes 

a form
0

0 2 2
0 0

( ) ( ) cos( , )M Mf r
f n f I f I

τ τ τ
τ

σ µ µ µ
η ησ η τ

∂
= = =

∂
  

                            (2)

The friction force blocks of fluid flow for any sign of a cosine 
between the normal and the direction of fluid velocity. The average 
volume of friction dissipative force is

0 0 2
0 0

( )[cos( , )]
2

Mf r
fI f I
τ τ

τ
µ µησ τ ησ< >= >=
 

                               (3)

because the average number of the absolute value of cosine is a 
half. The equation of motion for cylindrical symmetry with a radial 
fluid flow takes a form

2
2 2 0

2

31 0;
2r

p k k
r f

σµ µ
η
∂

+ ∆ − ∆ = =
∂

 

                                               (4)

The estimation of dissipative forces in cracked media
As the test problem for determine of dissipative forces on the 

crack levels we can use the well-known solution of a problem about 
percolation of fluid due to constant pressure gradient between two 
parallel planes with infinite sizes [7]. This situation is modelling 
the real percolation in the case, when a crack opening is very small 
compare to average length of crack. The flow velocity, which is 
equal to zero into boundaries, z=0; z=h is (Figure 1)

Figure 1: The scheme of one-dimension fluid flow with constant velocity between two planes. On the boundaries z= the 
velocity is equal to zero, due to viscous adherence.

1 ( )
2

dpV Z Z h
dxη

= −
	                                                                  

 (5)

The average value of the flow velocity is equal to
2

12
h dpV

dxη
< >= −                                                                                (6)

The surface friction is 

( 0)
2xz

dv h dpz
dz dx

σ η= = = −                                                           (7)

The volume friction force (for unit volume of fluid) is

0 0

2
0

2 2

31 12
2xz

h dp dp V V
f f dx dx h f

σησ σ σ η= − = − < > = < >  (8)

In [8] used the relation between a specific surface and a crack 
opening  in the form 0 2h fσ =  where  is the porosity of cracked 
medium. We need to average it with respect to any positions of 
planes. Let do it. The average value of the local velocity <v> is the 
product of macro velocity  on the average cosine of a normal into 
crack with cylindrical axe r namely 

1| cos( , )
2r rv r nµ µ< >= = 

                                                 
(9)

As to a volume dissipative force there is an expression

     

2 2 0 0
2

3 3; 2
2

f k k
f fτ
σ σ

µ η η
δ

< >= − = =

                                         
 (10)

Thus, we have the same expressions for dissipative forces in 
porous and cracked media.

The infinite well in the half space. The equation of equi-
librium for solid

1 (rr
rrr r

σ σ ϕϕ) = ο∂
+ −

∂                                                               
(11)

zz rz rz g
z r r
σ σ σ ρ∂ ∂ ∂

+ + =
∂ ∂                                                               (12)

For well of the infinite depth there is well-known solution of 
Lechnitzky [8]. He created that the tangent stress 0rzσ ≡  not on 
the well surface only, but in the all space. The equations (11-12) are 
simplify as

;zz
zzg gz

z
σ ρ σ ρ∂

= =
∂                                                               

(13)

The equation (13) can rewriting in the form 

22 0; ( ) (1 2 )r r
rr

u e f z gz
r r r ϕϕ
σ µ σ + 2µ = ρ γ∂ ∂  + = = = − ∂ ∂  

(14)
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Where f (z) is the arbitrary function of the depth, and 2

2
µγ

λ µ
=

+ . 
For large distances from the well an expression (14) must coincides 
with horizontal stress in the infinite space without of well. It means 
that in vicinity of the well there is plane incompressibility, namely

( )0;r r
r rr

u u c zu e e
r r r ϕϕ= ; + = 0∂
+ = =

∂
                     (15)

Strains on the well surface have a linear relation with respect to 
the vertical coordinate.

2 0
0 2( ) 1 2

2 S

gze r
Vϕϕ

ργ
ρ

 
= − − 

 
                                                          (16)

The equation of motion for the liquid

Using formula (10), we have a volume viscous friction force in 
the form

2
rF kτ µ< >= −                                                                              (17)

and the equation of fluid motion in the pore space, where the 
role of pore space plays the volume friction force is 

21 0r r
P k
r

µ µ
η
∂

− + ∆ − =
∂

 

                                                                 
(18)

One solution of the equation of motion
The plane incompressibility arrives with the same boundary 

conditions in the all solid space i.е. rre eϕϕ = 0+ . Neglecting the 
vertical strain of productive layer, we can declare that there is plane 
incompressibility in the liquid too rre eϕϕ = 0+  .More accurate, 
we have an equality 

rr zze e eϕϕ+ = 0+  

However, due to gravity the 
velocity of a vertical strain is 0

2zz
gze
c

=



,and the analogous formula 

for vertical strain is 2zz
p

gze
v

= . The ratio 0z
c

,i.е. ratio of a velocity of 
boundary moving into seismic velocity is negligible small. It means 
that there is expressions rr zz rre e e e eϕϕ+ ϕϕ = 0+ ≈ +     . Thus, the 
plane incompressibility there is both in solid and in liquid. Pay your 
attention, that the Laplace operator in the equation (18) looks very 
simple (due to common and plane incompressibility’s). Really

2

2 2

1r r r
r r r r z

µ µ µµ ∂ ∂ ∂
∆ = + +

∂ ∂ ∂
  

                                                          (19)

In equilibrium in half space with well there is a linear relation 
of displacement field ur 

from the depth z, namely

0 0
0

0

( )( )
2 1

r r gze r
rϕϕ

µ ρρ σ
λ µ σ ρ

 
= = − + − 

                                    (20)

In (20) ρ is the rock density, r0 -the radius of a well,σ is 

a Poisson ratio, and ρ0 is the mud density in the well. If the 
growing of pressure in fluid is the liner function too, the second 
derivative on the Laplace operator is zero. In another hand, (19) 
the plane part of mentioned operator may rewrite in more simple 
kind. Taking into account that 

2

2 2 2

1 ( )r r r r r r
r r r r r r r r r

µ µ µ µ µ µµ ∂ ∂ ∂∂
∆ = + = + + =

∂ ∂ ∂ ∂
     



                    (21)

we can write, using a plane incompressibility, i.е.

( )0;r r
r

C z
r r r
µ µ µ∂

+ = =
∂
 



                                                            (22)

The equations of motion (18) rewrites in the form 

2
3

( )[ ]r
P C z k
r r

η µ∂
= −

∂


                                                                          (23)

where C(z) is the arbitrary function. The integration with 
respect to r, gives

2 0 0 0
00 3

0

( )( )[ ( ) ln ]; ( ) r rC z RP P k C z C z
r r r

µ
η= − − =



           (24)

In (24) P00- is a pressure in fluid far from well, P0(z) is a pressure 
of a mud in the well. Taking into account, that at r→r0 P→P0and 

0 0
( ) ( ( ))C z r z
r

µ=  we get a relation between a pressure in the well mud 
P0(z), a pressure in fluid far from well P00 and the fluid flow velocity 

0 ( )zµ in the form
20

0 00 0 0
0 0

3( ) ( ) [ ( ) ln ]
2 2

RP z P z k z r
r r
µ

η µ= − −


                             (25)

In formulas (24) and (25) the value R many times more, then 
diameter of a well, it is average horizontal size of the productive 
layer. In (25) a value 0 ( )zµ is required flow fluid velocity in the well

2 2
00 0 0 00 0

0
2 2 0

0 0 0
0 0

( ) ( ) 2 1 2( )
31

P z P z r P P fz R Rk r In r In
r r

µ
η η σ σ

− −
= ≈

+


         (26)

In denominator of (26) the value k2 is, as a rule, very large, 
compare to unit. Really, 

2 22 2
2 2 0 0 0 0

0
0 0

3 124
2

I r rfk r
f I f I

σ       −
= =      

      
. If the well 

radius much more, then the size of microstructure, it is true.

The formula (26) is true for infinite clusters only, i.е. for 
situations, when the elementary act of percolation (formula 5) there 
is in any point of medium. However, in the real sample there are 
some one-side open pores. In this pores a flow velocity is zero. The 
scheme, in according [5] is not possible. The infinite cluster is the 
pore system, without of one-side open pores. In finite clusters, the 
elementary scheme of percolation should be with some probability, 
which can relate with porosity. 
Existence or no existence of Darcy Law

For instances , which are small, compare to a well radius r0we 
can get analogous formula for plane flow (very large radius of a 
well), assuming R = r0 + x R. In this case 

2
00 0 0

0
0

2( )
3

P P rfz
x

µ
η σ
−

≈

                                                               (27)

A formula (27) is the analog of Darcy law, where the role of 
permeability plays an expression  

2

0

2
3

f
σ

= , and the role of pressure 
gradient plays an expression 00 0P P

x
− . If the value x, is not very small 

compare to radius of the well, the relation (25) looks absolutely 
unlike of Darcy law. It means that Darcy law depends on fluid flow 
geometry. It may to be or may not to be. Another word, the Darcy 
law is a result of solved problem, but not a necessary part for the 
formulation of percolation problems.
The standard and percolation permeability. The ele-
mentary impermeable volume

There is elementary impermeable volume, because there is 
an average distance between crack and it nearest neighbor I0. The 
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model of percolation consists from cubes with cube edge I0 (Figure 
2). Each of them is impermeable; however, a percolation there is on 
surfaces of mentioned cubes. If this this process is doing with unit 
probability, we have the infinite cluster and formulas (26-27) are 
true. However, this situation is rarely fact. The reason of it is, that 

the specific surface may be not small, in spite of very small porosity. 
It is evident that a small porosity means a small crack opening, and 
a percolation is impossible. There are closed channels on the some 
edges of the elementary cube. 

Figure 2: The percolation scheme of fluid flow with adjacent edges of the elementary cube. Inside of cube percolation is 
impossible

The relation between a specific surface and the average 
distance from crack to it nearest neighbor is giving by formula (1) 
of the integral geometry, and the product of a specific surface into 
crack opening δ  is a double porosity, i.е.

0 0 04(1 ); 2I f fσ σ δ= − =                                                             (28)

A part of pores corresponds to infinitely small crack opening, 
though their specific surface not very small and good measuring 
thing. In this case (at infinite small crack opening), the percolation 
is impossible, and a formula (28) takes a form 0 0* 4Iσ = .It means 
that all processes of percolation up to absence of them correspond 
to diapason of structure linear size from ( )

0
0

4 1 f
I

I
−

= up to *
0

0

4I
I

= . It 
may to relate the ratio of mentioned sizes *

0 0

0

I I
I
−  with probability 

of percolation q, (size of structure I0=I0*means no percolation) 
and it probability is 1

1
q

f
=

− . Evidently, it is true for sufficiently small 
porosity. On the other hand, a porosity more than 0.5 really means 
the change a space of skeleton and space of liquid. It corresponds to 
absolute percolation. Thus the situation of elementary percolation, 
which given by formula (5) is doing with some probability, and this 
probability contains the porosity (from zero to 0,5) and a coherence 
of elementary cubes. 

The coherence of elementary volumes
If the average distance between one crack and another one is 

I0 the elementary impermeable volume is I0
3 and a percolation is 

the runaround of elementary cube into his edges. It may arrive the 
possibilities of flow from one edge to another one (favorable to 
percolation) and flows of closed contours on one of edge of cube 
(unfavorable for percolation). The probability to have a flow from 
one edge to another one related with probability of crossing of 
plane section perimeter of body (projection of the crack perimeter 
to the plane) with an edge of the elementary cube. Examine a 
mentioned cube with an edge I0. The specific surface of cube is

3 2
0 0 04(1 )I f Iσ = − The fluid volume in an elementary cube is f0

3 

.The average thickness of fluid gives by a formula

( )
2
0

02
0

44
4 1 1

IV fd I
S f I f

= = =
− −

                                                        (29)

There is in the integral geometry a relation between specific 
surface of three-dimensional body and perimeter of it two-
dimensional plane section. One of these sections may be as an edge 
of an elementary cube. The average perimeter of two dimensional 
curve (it may be not closed) on the plane, (which is equal to I0

2 
according to the formula 2

0 0
4 (1 )I f Iσ
π

− = , is equal to 0I Iπ= . The 
coherence or not it gives by probabilities of crossing of plane 
perimeter 0I Iπ= with the cube edges I0 (Figure 3).

Figure 3: The relation between of the number of intersections 
of adjacent edges of elementary cube with the perimeter of a 
plane crack projection. On the figure presented the evolvent 
of adjacent edges of an elementary cube, which provides 
a percolation. The average number of crossing of edges, 
(in this case 4) relate with the length of plane projection of 
crack l, and it may be determine from specific surface.
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The another formula of the integral geometry relates the 
average number of crossing points of perimeter of a plane crack 
projection, with edge of a cube is a little bit more, than four., namely 

0
2
0

4 4
(1 ) 1
I In

I f fπ
= =

− −
 [1]. The percolation provides at two crossing 

points as a minimum, because is arriving one channel (two levels) 
either sender or sink 

(Figure 4) (One crossing point is not create a channel). In 
average, on the one of edge of a cube is arrive one sender and one 
sink. In the uniform distribution of probabilities of crossing the 
function of distribution is linear one, his average value is 4

1 f−
 and 

a probability to have two and more channels is ( )
3

4 1 f− . If we exclude 

probabilities of sender and sink coincides (Figure 4) this probability 
decreases in two times. On the Fig.4 points correspond to channel, 
crossing an edge of cube, and bars correspond to returned 
situations, i.e. coinciding of sender and sink. The probability of 
passing of the elementary cube is p=gp i. e. the probability , which 
product into probability of coherency 

( )2
3
8 1

fp
f

=
−

 In this case the role 
of permeability plays not expression 2

2
0

2
3

fψ
σ

=  (as for infinite cluster), 
but the more less value, taking into account one-side pores (Figure 
5).

( )

2 3

22 2
0 0

2 1
3 4 1

f fk p
fσ σ

= =
−

                                                               (30)

Figure 4: Probabilistic trajectories of returned fluid flow (bars) and trajectories into another elementary cube, i.е. probabilistic 
вероятная percolation trajectory (points). The first of them (probability of returned flow) at small porosity a little bit less, than 
0.5, and second of them a little bit more, than 0.5.

Figure 5: The relation between probability versus porosity and specific surface of cracks. On the axe x is the porosity, on the axe 
y is the specific surface (inverse centimeters) on the axe z is the permeability (quadrat of centimeters). The role of permeability 
plays the multiple which is proportional to the cube of porosity and inverse proportional to quadrat of specific surface 
of sample.

Formula (30) closed to empirical relation, made experimentally 
Fallini [9], namely, ( )

3

22
0

6
25 1

fk
fσ

=
− . The empirical of Fallini constant 

6
25

 closed to theoretical value of this paper 1
4

 
 
 

and the structures 
of expressions for permeability are the same. Quadrat of specific 
surface in denominator gives the true dimension of permeability. 
The great specific surface may be eliminate any filtration, even by 
high porosity.

Conclusion
1.	 The model of structured continuum gives us a possibility 
to relate the viscous friction forces with specific surface of 
pores and cracks, not using Darcy law. This law can create 
from usual conditions of elastic equilibrium for skeleton and 
uncompressible viscose fluid. The Darcy law may to be, or not 
to be, depends on geometry of flowing. 

http://dx.doi.org/10.31031/AMMS.2018.02.000534


Aspects Min Miner Sci
                   

  Copyright © Boris Sibiryakov

232How to cite this article: Boris S. Porosity, Specific Surface and Permeability in Micro-Inhomogeneous Media. Aspects Min Miner Sci. 2(2). AMMS.000534.2018. 
DOI: 10.31031/AMMS.2018.02.000534

Volume 2 - Issue - 2

2.	 The flow velocity depends on rupture of skeleton and 
fluid pressures, mainly by stresses in skeleton. This rupture is 
special problem.

The role of permeability plays the ratio of cube of porosity to 
quadrat of specific surface of pores and cracks.
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